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Abstract. Let {C^} be a family of elliptic systems of linear elasticity with rapidly 
oscillating periodic coefficients. We obtain the uniform W^^'^ estimate ||Vwe||p < C||/||p 
in a Lipschitz domain 51 in R" for solutions to the Dirichlet problem: >Ce(ue) = div(/) 
in Q, and = on 951, where |^ — ^| < ^ + ^-nd C, 5 > are constants independent 
of £ > 0. The ranges are sharp for n = 2 or 3. 



1. Introduction 

The primary purpose of this paper is to study uniform W^''^ estimates for a family of 
eUiptic systems of hnear elasticity with rapidly oscillating coefficients. Let f2 be a bounded 
Lipschitz domain in M", n > 2. Consider the Dirichlet problem 



(LI) 

where 
(1-2) 



d 



dxi 



div(/) in f2, 
on dVt, 



e dxj 



-div 



e > 0. 



We will assume that the coefficient matrix A{y) = (a" (y)) is real and satisfies 



1.3) 



= = (^ajiy) for I <iJ,a,/3 <n and y G 



;i-4) 



m'<at{ym^<-\i? for ye 



where is a positive constant and ^ = {S,f) is any n x n symmetric matrix with real 
entries, and the periodicity condition 

(L5) A{y + z) = A{y) for y eW^ and zE Z". 

We say A E Ai{fi, A, r) if it satisfies (11. 3p . (II. 4p . (II. 5p and the smoothness condition 
(1.6) \A{x) - A{y)\ < t\x - y\^ for some A G (0, 1) and r > 0. 

The following is the main result of the paper. 
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Theorem 1.1. Let Q be a bounded Lipschitz domain in M". Let = — div(A(x/e) V) 
with A E A, r). Then for any f G L^^Q) with |^ — || < 2k + there exists a unique 

Me G iyQ^'^(f2) snc/i t/iat C^{u^) = div(/) m fi. Moreover, the solution satisfies 

(1-7) ||VMe||LP(n) < Cp ||/||LP(n), 

anc? constants 5 > anc? Cp > are independent of e. 

We will also consider a family of general second-order elliptic systems { —div ( A (x/e) V) } , 
where A{y) = (a^^(?/)) with 1 < i,j < n and 1 < a, /3 < m. We say A G A(/i, A,r) if 
it satisfies (II3])-([I3]) and the ellipticity condition (O]) for any ^ = (^f) G M"'". The 
symmetry condition A = A*, i.e., a^^ = a^f , is also needed in the following theorem. 

Theorem 1.2. Let Q be a bounded Lipschitz domain in M". Let = — div(A(x/e) V) 
with A G A(yU, A, r) and A = A* . Then for any f G L^{Q) with |^ — || < 2n i/iere 

exists a unique Ue G W^o^'^(i7) snc/i that Ce{ue) = div(/) in Q. Moreover, the solution Ue 
satisfies ([l.Tp and constants 5 > and Cp > are independent of e. 

Elliptic equations and systems with rapidly oscillating coefficients arise in the theory 
of homogenization (see e.g. [U [18]). It is well known that as e — )■ 0, the solution of 
(11. ip converges to Uq weakly in W^^'^iyL) and strongly in L^(f2), where Uq G Wl^'^iVt) is 
the solution of the homogenized elliptic system. Uniform regularity estimates of are 
an important tool in the study of various convergence problems for £5. We remark that 
if VL is C^'" and A G A(/i, A,r), the uniform W^^'p estimate ([LTD was established in [21 [3] 
for any 1 < p < 00, without the symmetry condition A = A* (see [15] for its extension 
to the Neumann boundary condition with the symmetry condition). It was pointed out 
in ^ that the same approach also gives estimate (ll.7p for 1 < p < 00 if f2 is C^'" and 
A G Ai{fi, X,t). We also mention that if Q is Lipschitz and m = 1, the W^'^ estimate 
f[L7D was obtained in [20] for (4/3) -5 <p < 4 + 6 and n = 2, and for (3/2) -5 < p < 3 + 5 
and n > 3. The ranges of p's in [20] are known to be sharp (even for the Laplacian [H]). 
It follows that the ranges of p's in Theorems 11.11 and 11.21 are sharp for = 2 or 3. The 
question of sharp ranges of p's for which the W^'^ estimate holds in Lipschitz domains 
remains open in the case n > 4 (even for elliptic systems with constant coefficients). 
We remark that in the non-periodic setting the W^'^ estimates for second-order elliptic 
equations and systems have been studied extensively in recent years. We refer the reader 
to [H [SI [SI [13 [13 n\ [H] and their references for various results on elliptic operators with 
nonsmooth coefficients in nonsmooth domains. 

For a ball B = B{x,r), we will use tB to denote B{x, tr). Recall that is a Lipschitz 
domain if there exists ro > such that for any Q G dfl, there exists a Lipschitz function 
Ip : M"-i ^ M such that nnB{Q,8ro) is given by {{x',Xn) G M" : Xn > i^{x')}nB{Q,8ro), 
after some possible translation and rotation of the coordinate system. The proofs of 
Theorems 11.11 and 11.21 rely on the following. 

Theorem 1.3. Let Q be a bounded Lipschitz domain in R" and q > 2. Let C = — div(AV) 
be a second-order elliptic system with A = (a^^(x)) and I < i, j < n, 1 < a, (3 < m. 
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Suppose that (1) ||v4||2,oo(iRn) < ^ ^; (2) for any (f) G Wq''^{W^) and some n > 0, 



(1.8) /i / \V(t>Vdx< a'^{x)^-^dx; 

JR" JR" OXi OXj 

(3) for any w e W^'^{3B fl Q) with the property that C-{w) = in 3B n Q and w = 
on 3B n dil (if 3B n dVl ^ where either 3B (Z Vt or B = B(y, r) with y E dVl and 
< r < To, one has \Vw\ G L'^{B fl fl) and 

1 r r 1 /■ ^^/^ 



Then there exists 6 > 0, depending only on n, m, fi, q, N and the Lipschitz character of 
Q, such that for any f G L^{Q) with 2 < p < q + 6, the unique solution to C{u) = div(/) 
in W^''^{Q) satisfies \\Vu\\LP{n) < Cp ||/||Lp(n), where Cp depends only on n, m, /i, p, q, N 
and the Lipschitz character offl. 

Theorem II ■3[ which is proved in Section 2, follows by a real variable argument originated 
in [8] and further developed in [12]. As an application of Theorem II ■3[ in Section 3, we 
establish the W^'^ estimate in the non-periodic setting for elliptic systems with VMO 
coefficients in Lipschitz domains. Observe that by Lax-Milgram Theorem, the conditions 
(1) and (2) in Theorem 11.31 give the existence and uniqueness of W^'"^ solutions for any 
/ G L^(f2). Clearly, the ellipticity condition in Theorem 11.21 implies the coercive estimate 
(II. 8p . By the first Korn inequality this is also the case for Theorem 11.11 Consequently, 
to prove Theorems 11.11 and 11.21 as in [20J, it suffices to establish the weak reverse Holder 
inequality (11. 9p with q = Pn = for local W^'"^ solutions. We further note that under 
the assumption A G A(/x, A, r) or A G (;U, A, r), it follows from |2j that 



;i-10) ||Vm,|Uoo(b) <C<| — - / \VueVdx 



1 



2B 



1/2 



if Ce{ue) = in 3B. As a result we only need to establish f lL9|) for w G W^''^{3B n Vt) 
satisfying Cs{w) = in 3B fl Q and w = on 3B fl dQ, where B = B{Q,r) for some 
Q G dQ and < r < cvq, with constants c and independent of the parameter e > 0. 
We will present two different approaches to this boundary reverse Holder estimate. 

The proof of Theorem 11.21 given in Section 4, uses the recently established non- 
tangential maximal function estimates for the Dirichlet and regularity problems in 
[TB] for some p = q^ > 2, under the conditions A G A(/i, A, r) and A = A*. Let 
p{x) = dist(a;, dQ). To see (11. 9p . the basic idea is to write 

Vw\''dx= |Vw|^° ■ |Vm;|^-^Mx. 

BnQ J Bnn 

and estimate |VtL'|'''' by its (local) non-tangential maximal function and |Vw|'''~''° by 

1/2 



1.11) \Vw{x)\<C[p{x)]""^^ \ [ \Vw\^dy\ 
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for any x E B H Q, which follows from the interior estimate f ll.lOp . This gives f ll.Qp for 
any q < Qo + ^, which can be used to improve the exponent of p{x) in fll.lip . The desired 
estimate (11.90 with q = follows by an iteration argument. 

In the case of elliptic systems of linear elasticity, the non-tangential maximal function 
estimates used in the proof of Theorem 11.21 are not known. To prove Theorem II. 1^ we 
will instead adapt the approach used in [20] for single equations (m = 1). The idea is 
to reduce the estimate (11. 9p to a decay estimate of an integral of \w\'^ (not |Vil'|'') on a 
boundary layer and apply a compactness argument. See Section 5 for details. 

The summation convention is used throughout this paper. Unless indicated otherwise 
Vt will always be a bounded Lipschitz domain in M". Finally, we will make no effort to 
distinguish vector- valued functions or function spaces from their real- valued counterparts. 
This should be clear from the context. 

2. Proof of Theorem 11.31 

By Lax-Milgram Theorem, under the conditions (1) and (2) in Theorem II. 3[ given 
any / G i^^(f^), the system C{u) = div(/) has a unique solution in Wq'^{Q). Moreover, 
the solution satisfies the estimate || V'u||/,2(f^) < C ||/||i2(Q), where C depends only on /x. 
Consider now the linear operator T(/) = Vu. Clearly, T is bounded on L^(f2). To show 
that T is bounded on L^(n) for 2 < p < q + 6, we use the following theorem in [T9| 
Theorem 3.3]. 

Theorem 2.1. Let T be a bounded sublinear operator on L'^{Q), where Q is a bounded 
Lipschitz domain in M". Let q > 2. Suppose that there exists a constant N > 1 such that 
for any bounded measurable function f with supp(/) G Q \ 3B, 




where B = B{xo,r) is a ball with the property that < r < cqTo and either xq G dQ or 
B{xq, 3r) C Q. Then T is bounded on Lp{Q) for any 2 < p < q. 

It also follows from the proof of Theorem 12.11 in [19] that if ||T||j;^2(f^)^£,2(Q) < Cq, 
then ||T||iP(n)_,.iP(n) is bounded by a constant depending only on p, q, N, Cq, Cq and 
the Lipschitz character of Q. Therefore, to prove Theorem 11.31 for 2 < p < g, it suffices 
to verify the condition (12. ip with T(/) = Vu. However, if supp(/) C \ 3B, one has 
C{u) = in 3B fl Q. Thus the weak reverse Holder inequality (II. 9p with exponent q 
implies (12. ip with the same exponent q (without the supremum term in the right hand). 
Finally, we observe that the weak reverse Holder condition (II. 9p is self-improving (see e.g. 
[T3]). That is, if £ has the property (II. 9p for some q = qi > 2, then it has the property for 
some q = qi + S, where S > depends only on n, qi, N and the Lipschitz character of Q. 
Consequently, by Theorem 12. H we obtain || V'u||iP(n) < C \\f\\LP{n) for any 2 < p < q + S. 
This completes the proof of Theorem 11.31 □ 
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Remark 2.2. Let C* denote the adjoint of C. Suppose that u,v G Wq'^{^) and C{u) 
div(/) and C*{v) = dw{g) in Q for some / = {ft), 9 = [g?) e L'^i^)- Then 



(2.2) / ft-^dx = - atf^ dx= gt-^dx 



n 9xi Jq ^-^ dxj dxi Jq dxi 

It follows from ( 12. 2p by duality that if the estimate ||VM||LP(f7) < C||/||LP(n) holds for any 
/ G WiVL) and some p > 2, then ||Vf ||Lq(Q) < C||(y'||i9(n) for any g G L'^iP), where q = p'. 
By a density argument one may deduce that for any g G L'^{^), there exists v G Wq''^{Q) 
such that C*{v) = div^g) in Q and || Vt'||L<7(f7) < C||(7||L<?(n)- The duality argument above 
also gives the uniqueness of such solutions. 



Remark 2.3. Under the conditions (1) and (2) in Theorem II. 3[ the well known Cac- 
ciopoli's inequality 

(2.3) [ iVupdx [ l^l'^dx 

J Bnn ^ J2Bnn 

holds for any u G W^'^{3B f] fi) satisfying C{u) = in 35 n and m = in 35 n dn, 
where B = B{y,r) with ?/ G and < r < cvq. By Sobolev inequality this implies that 



1 



(2.4) <— \Vu\'^dx} <C<— \\/u\''dx 



1/2 r 1 r ^ !/<? 



'Bnn ) v' J2Bnn 

for any 2n/{n + 2) < g < 2 if ri > 3, and for any 1 < g < 2 if ri = 2. It follows that the 
weak reverse Holder inequality (11. 9p holds for some q > 2 and > 0, which depend only 
on n, m, fi and the Lipschitz character of Q [I3] . 

3. ly^'^ ESTIMATES IN THE NON-PERIODIC SETTING 

Following fT9], as an application of Theorem ll.3[ we obtain the VT^'^ estimate in the 
non-periodic setting for elliptic systems with VMO coefficients. Recall that A G VMO(M"') 
if limt_>.o a; (if:) = 0, where 



0<r<t 



\B{x,rj\ JB{x,r) 



(3.1) uj{t) = sup — / A{y) - — / A{z)dz 



\B{x, r) 



B{x,r) 



dy. 



Theorem 3.1. Let Q be a bounded Lipschitz domain in M". Let C = — div(A(x)V) with 
A{x) = {alf{x)) and I < i,j < n, 1 < a, P < m. Suppose that (1) || A||ioo(]gn) < ^i^^ ; 
(2) estimate ^E) holds for any G Wl''^{W); (3) A = A*; and (4) A e VMO(M"). 
Then there exists 6 > such that for any f G L^(fi) with |^ — || < ^ ~^ ^) there exists 

a unique u G Wl'^iyt) satisfying C{u) = div(/) in ^2. Moreover, the solution u satisfies 
\\^u\\LP(n) < C\\f\\Lv(n)- 

In view of Remark 12.21 and the assumption A* = A, it suffices to prove Theorem 13. II for 
2 < p < pn + S, where p„ = Furthermore, by Theorem 11.31 we only need to establish 
the weak reverse Holder estimate in condition (3) in Theorem 11.31 for q = p^. Note that 
under the condition A G VMO(]R"), the estimate (II. 9p in the case 3-B C is well known 
and in fact holds for any 2 < g < oo. As a result Theorem 13. II follows from the following. 
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Theorem 3.2. Let C = — div(yl(x)V) with A{x) satisfying the same conditions as in 
TheoremlSJl Suppose that w G W^''^{3B n Q), C{w) = in 3B n Q and w = on 
3B n dn, where B = B{Q, r) with Q e dQ and < r < cvq. Then \Vw\ e LP"{B n Q) 
and estimate U.9\) holds. 

Theorem 13.21 is proved by a perturbation argument. We first show that the desired 
estimate holds for elhptic systems L = —div^AV) with constant coefficients A = {a°^f) 
satisfying the Legendre-Hadamard ellipticity condition: 

(3.2) ^^mv\' <Kf^^^,v''v' < f^-'mvl', 

for any ^ = (^j) G M", rj = (r^") G M™. It is known that the coercive estimate (11.81) and 
II A||oo < oo imply the Legendre-Hadamard condition. In particular, if a°'f = ^ (^tfi.^) dx 
and (a"^) satisfies the conditions in Theorem 13. then A = (a"^) satisfies (13. 2p and 



(A)* = A. 

Lemma 3.3. Let L = div(AV) with constant coefficient matrix A = (a'^f) satisfying 
/ TOP and A* = A. Suppose that w G W'^''^{3B n Q), L{w) = in 3B n Q and w = on 
3B n on, where B = B{y,r) with y eQ andO < r < cro- Then \Vw\ G LP"+^{B H Q) 
and estimate U.9\) holds for q = Pn + 6 , where 5 and N in M.9\) are positive constants 
depending only on n, m, /i and the Lipschitz character offl. 

Proof Let ip : M""^ ^ M be a Lipschitz function such that i){0) = and ||VV^||oo < M. 
For r > 0, let 

A,, = {(a;',^(x'))GM": |x'| < r}, 

Dr = {(x',t) G : |x'| < r and ip{x') < t < ^(x) + (M+ 10n)r}. 
Suppose that w G W^'^^D^r), L{w) = in D^^r and = on As^. We will show that 



(3.4) |— y \Vw\P"dxj <C|— y \Vw\'dx 

where C depends only on n, m, n and M. This, together with the interior estimates, 
yields (II. 9p for g = p„ by a change of coordinates. The case q = pn + S follows by the 
self-improvement property of the weak reverse Holder inequality. 

To see (13. 4p . we apply the estimates in [T2] as well as square function estimates in 
[TOj in the Lipschitz domain Dtr, where t G (1,2). It follows that Vw G W^/'^''^{Dtr) and 
by Sobolev imbedding, \Ww\ G LP"{Dtr)- Moreover, we obtain 

}1/Pn r n >| 1/2 

<C\ \Vw\'^da 
[JdDtr 



(3.5) 



<C{[ \VtanW\'da] 

K JdDtr ) 



1/2 



where VtanW denotes the tangential gradient of w on dDt^. and C depends only on ra, m, 
/i and M. Since = on Aa^, this gives 

f r ^ 2/p„ ^ 

(3.6) <^ / \Vw\P-dx\ <C \Vw\'^da. 
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Finally, we integrate both sides of ( 13 .Gp with respect to t over (1,2) to obtain 
(3.7) \ <- \Vw\'^dx, 

from which estimate (13. 4p follows. □ 

Lemma 3.4. Let C = — div(A(2;)V) with A{x) satisfying the same conditions as in The- 
orem \3J[ Then there exist a function r]{r) and some constants N > and p > Pn with 
the following properties: 

(1) limrjir) = 0; 

1 — s-O 

(2) %fueW^'^{3Bnn), Cu = %n 3B nn and u = on SBndQ, where B = B{xo,r) 
with Xq E fl and < r < cvq, then there exists a function v e W^'^{B fl fl) such that 



1/2 

i/p fir , ,o . ^ 1/2 



(3.8) -/ \Viu-v)\'dx 

(3.9) |— [ \Vvfdx \ " <N 





f |Vm| 






JsBnn 






f |V'u| 


\'dx] 




JsBnn 





^' J Bnn 

Proof. The proof is similar to that of Lemma 4.7 in [19]. Suppose that u satisfies the 
conditions of the lemma. We define the operator L{w) = —Dilil^ DjW^ , where Di = d/dxi 
and is a constant given by 

Then (6^^) satisfies the ellipticity condition (13. 2 p and = . Let f be a weak solution 

of L{v) = in 2B fl Vt such that m — f G Wq''^{2B fl Q). We will prove that v satisfies 
estimates (13. 8p and (13. 9p . 

We first prove ([31]). Note that 

(3.11) L{u-v) = {L- C)u = -Di{hf -af)DjU^ in 25 n fi. 



It follows that 



(3.12) 

< 



f b'^fDjiu-vfDiiu-vrdx 

^ E /" \Kf-<hf\\^u\\V{u-v)\dx 



Since (6^^) is a constant matrix satisfying the Legendre-Hadamard condition (13.20 and 

u-v e Wo''^{2B nQ),we have 

(3.13) [ bifDj{u-vfDi{u-v)''dx>fi[ \Viu - v)\'^ dx, 
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which, together with f l3.12p . gives 



(3.14) 

< C 



1/2 

1/2 



1/" \V{u-v)\'dx} 

By Holder's inequality we have 

V{u-v)\'^dx 

(3.15) ^-E{;iL„l^?-<l--}"""'{;iLl-|-d.} 



2Bnn 



<C y < - I \I^f -afflVufdx 
'2Bnn 



1/2 

V(2<?i) ( 1 r , ^ l/(2qo) 



1/2 



I VmP dx 



'3Bnn 

where qo > 1 and we have used the weak reverse Holder inequality 

i/(2go) C I r ^1/2 



(3.16) \— \Vu\^''°dx\ <C\^I \Vu\''dx 
Also, the function r7(r) above is defined by 

(3.17) ,(r) = C sup {1 / 1^:^^ - a:;/^P^o 

We recall that the well known Cacciopoli's inequality holds under the conditions (1) and 
(2) on A[x) in Theorem 13. 1[ As a consequence the weak reverse Holder inequality f l3.16p 
holds for some go > 1 (see Remark 12.31) . Since a^^ G VMO, by the John-Nirenberg 
inequality, we have r]{r') — )■ as r — )■ 0. This completes the proof of (13.81) . 

Finally, we note that since Liy) = in 35 fl f2 and f = m = on 3-B fl (9f2, we may 
deduce from Lemma [3.31 that 

l/P „, f 1 /■ , ,9.1 1/2 



I Vt^r dx 



Bnn 



<c\ 




/ 1 


Vv\ 


^ dx^ 






J2Bnn 






<c\ 




/ 1 


Vu\ 


dx J 






J2Bnn 







1/2 



for some p = pn + S, where the last inequality follows from f l3.14p . This gives (13. 9p . We 
point out that S > depends only on n, m, /i and the Lipschitz character of Q. □ 

With Lemma 13.41 at our disposal. Theorem 13.21 follows from the following theorem, as 
in the proof of Theorem C in [191 p. 192]. We omit the details. 

Theorem 3.5. Let f : E be a locally square integrable function, where E is an open 

set ofW^. Let p > 2. Suppose that there exist three constants e > and a,N > 1 such 
that for every ball B = B{xQ,r) with aB C E, there exists a function h = Kb & Lp{B) 
with the properties: 
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(3.18) 

(3.19) \t7^ f Ihl^dxY^" <n\-^ f 



>- \B\ Jb ^ ^ \(^B\ 

Then, if 2 < q < p and < £ < £o = ^o{f^-, Tn,p, q, a, N), we have 

(3.20) {_LJ^|y|,,,y"<c{^/^J/l^..}■'^ 

for any ball B with aB C E, where C depends only on n, m,p, q, a and N. 

We remark that Theorem 13.51 which was stated in [191 P-191], was proved essentially 
in [8]. 

4. Proof of Theorem 11.21 

In this section we give the proof of Theorem 11.21 In view of Remark 12.21 and Theorem 
II. 3[ it suffices to show that if G W^''^{3B fl fi) is a weak solution to C^iue) = in 
35 n VL and = on 35 fl dVL, where B = B{xo,r) with xq E fl and < r < cvq, 
then iVwel G U''^{B n VL) and estimate (11.91) holds for q = Pn = with a constant 
independent of e. By the interior estimate (ll.lOp we may assume that B = B{Q, r) for 
some Q G dQ. Furthermore, by a change of coordinates, it is enough to show that 

1 /•,_,. . V^^" „ r 1 f ,2,1'^' 




(4.1) |- J^^ |V«,r rfxj < C|- J^^^ \Vu,\^dx 

whenever Ue G W^''^{D3r) is a weak solution to Ceius) = in D^r and = on As^. 
Throughout this section we assume that A G A(yU, A, r) and A* = A. 

Lemma 4.1. Let G W^^'^^D^r) be a weak solution to C.^{ue) = in D^^ o,i^d = on 
Asj,. Suppose that for some q = qi > 2, 

(4.2) 

for all < p < r . Then there exists 6 > 0, depending only on n, m, fi, X, r, Cq^ and M , 
such that the estimate ^4-2^ holds for 2 < q < 2+5+^ and Cg = C{n, m, fi,X, r, q, Cq^, M). 

Proof. Let d{x) = |x„ — ^/'(x')| for x = {x',Xn)- It follows from (ll.lOp and (14.21) with q = qi 
that 

i/gi 

\^^e{x)\<C{jjj^ I \VuMrdy' 

(4.3) 

< C 

for any x G D2p. Since A G A(/x, A, r) and A* = A, it follows from |T6] that there 
exists 6 > such that the unique weak solution to the Dirichlet problem Ce{ue) = 
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with boundary data in W^'"^^^ (dVl) in a Lipschitz domain fl with connected boundary 
satisfies ||(Vu£)*||2,2+i(5j^) < C|| V(a„Me||i2+4(gQ-). Here (Vue)* denotes the nontangential 
maximal function of V^e. By applying this estimate to on the Lipschitz domain Dtp 
for t G (3/2, 2) and using an integration argument, one may obtain 



(4.4) / \{Vu,y/+'da<- I \Vu,\'+'dx 



where 

(4.5) {Vueyp{x',ip{x')) = sup {\\/Ue{x',Xn)\ : (x', X„) G Dp}. 

Let qo = 2 + 6. Note that, if 5 is sufficiently small, 

l/qo r 1/2 



(4.6) |-y^ |Vn,r»rfxJ> <C<(-/ iVuel^da; 

(see Remark [2.31). Hence, 



n" / I — In"; 



(4-7) 

Now, using estimates (14. 3p and ( 14. 7p . we see that 
1 













[^/^jv,.|»|v„.r 







1/9 



1/9 



9-90 



< C 



if < n{q — go) < ^i- Note that n{q — go) < is equivalent tog<2 + 5+ ^. This 
finishes the proof. □ 

Proof of Theorem 11.21 Let Ue G W^'^{D3r) be a weak solution to Ce{ue) = in 
D^r and = on As^. It follows from the Cacciopoli's inequality that the weak reverse 
Holder inequality ( 14. 2 p always holds for some gi > 2 under the ellipticity condition ( II. 8p 
(see Remark 12. 3j smoothness and periodicity conditions are not needed). Suppose that 
Q'l < '^Zi- By Lemma 14.11 estimate ( 14. 2 p holds for some g = g2>2-|-|-|-^>gi. 
If 92 < -^zi^ then the same argument would give ( 14. 2 p for g = gs > 2 + | + ^ > g2- 
Continuing this process, we claim that there exists some j such that estimate ( 14.20 holds 
for some q = qj > -^zi- Foi' otherwise we would have a bounded increasing sequence {g^} 
such that gj_|_i > 2 + | + ^ > g^. Let g be the limit of {gj}. Then g > 2 + | + ^, which 
implies that g > p„ = It follows that g^ > if j is sufficiently large. Thus ( 14. 2 p 
must hold for some q = qj > Pn- This completes the proof. □ 
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5. Proof of Theorem 11.11 

Let Dr and be defined as in (I3.3p with HV-V^Hoo < M. In view of Remark 12.21 and 
Tfieorem ll.3l as in the case of Theorem 1 1.21 Theorem 1 1.1 1 is a consequence of the following. 

Theorem 5.1. Let = —div{A{x/e)V) with A G A^(/i, A,r). Suppose that G 
iy-^'^(D3r), C^iue) = in D^r and = on A^r- Then the estimate holds for 

q = Pn = with a constant C depending only n, m, /i, A, r and M . 

Since the nontangential maximal function estimates used in Lemma l^?T] are not available 
under the assumption A G A^(/i, A, r), the proof of Theorem 15. II relies on a compactness 
method motivated by [2J . In [20j the same approach was used to establish Theorem 11.21 
in the case m = 1. 

Throughout the rest of this section we will assume that A G A^(/i, A, r). 

Lemma 5.2. Let Ue G W^''^{D:ir) , £^s{ue) = in D^r and Us = on A^r- Then for any 
p>l, 



(5.1) ry \VUe{x',^{x') + S)\P dx'ds < ri U,ix',ij{x') + S) P^^,^^^ 

Jo J\x'\<r Jo J\x'\<2r ^ 



' \x'\<2r 

where c = (M + lOn) and Cp > depends only on n,p, fi, r, A and M. 

Proof. This follows from the interior estimate f ll.lOp . The proof is similar to that of 
Lemma 3.2 in FSCH and thus omitted. □ 



Lemma 5.3. Let L = — div(y4V), where A = (a^ ) with 1 < i,j < n and 1 < a, /3 < m is 
a constant matrix satisfying A* = A and the Legendre-Hadamard condition ^3. Suppose 
that Uq G W^'^{D3/2) , L{uq) = in and Uq = on A3/2- Then 



\uo{x',iIj{x') + s)|^" dx'ds 



(5.2) -^'"'^^ 



"3/2 

-2a ■ 



< Co / / 1^0(2;', V(^') + s)r" dx'ds 



x'\<l 



for any < t < 1, where Cq and a are positive constants depending only on n,m,fi and 
M. 

Proof. Since Mq = on A^^, it follows by the fundamental theorem of calculus that 



(5.3) / / \uo{x',^{x') + s)\P" dx'ds <CtP- / \Vuo{x' ,tp{x') + s)\P" dx'ds. 

Jo J\x'\<l Jo J\x'\<l 

By Holder's inequality the right hand side of (15. 3p is bounded by 



Cf"^^^ { / \Vuo{x',i){x') + s)\P-+^ dx'ds 

'0 J\x'\<l 



Pn+S 
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This, together with Lemma I3.3[ imphes that 

[ [ \uo{x',ij{x') + s)\P"dx'ds 

Jo J\x'\<l 

(5.4) s i r'i r T"^' 

KCf^^^^lj \Vuo{x\i){x') + s)\^dx'ds\ 

{Jo J\x'\<\ J 

Let 2a = Estimate now follows from (15 ■4p by Caciopoli's and Holder inequal- 

ities. □ 

Let Co and a be given by Lemma [5731 Choose to G (0, 1/2) so small that Cotg < (V^)- 
Then CoC^'" < (1/2)C^"- 

Lemma 5.4. There exists Eq > 0, depending only on n, fi, X, t and M, such that for any 
< £ <eo, 

to 

Ueix',ip{x') +t)\P" dx'dt 

±Pn+cr 




(5.5) -^l^'K^ 

<C^" I I \Ueix',^ix')+t)\P'^ dx'dt, 

Jo J\x'\<3 

where c = (M + lOn), if G W^^'^i^Ds), Ceiu^) = in and = on A3. 

Proof. We will prove the lemma by contradiction. For any A; G N, denote 

= {(x',x„) : \x'\ < r and i>kix') < Xn < ipkix') + (M + 10ra)r}, 
A,^ = {{x',Xn) : \x'\ < r and Xn = ipk{x')}, 

where HV-i/'fclloo < M and ■?/'a:(0) = 0. Assume that there exist {C^''^}, {sk}, {^k} and 
{usf^} such that — ^ as — j- 00, 



(5.6) 4^)(M,J = -div(A'=(^)Vn,) =0 inZ}3^ n,, = on A 

(5.7) [ [ \ue,{x',Mx')+t)\''" dx'dt = 1, 

Jo J\x'\<3 



and 



'0 J\x'\<l 



(5.8) / / \ue,{x',Mx')+t)\''" dx'dt >tl"^'' 



where the coefficient matrices = [a'^f'^iv)) G Ai{fi, X,t). 
Let 



[0,1]' 
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where x^iu) = {Xj^'^{y))i<a,i3,j<n are correctors for d"e''- Note that fc^^''^ are bounded. 
Hence, by passing to a subsequence, we may suppose that 

(5.10) hl^ = hm fo^^''^ 

■' fc— s>oo 

exists for 1 < i,j,a,f3 < n. Since each {b'^f'^) G Ai(Ji,X,T) for some Jl depending only 

on fi (see e.g. [9^ p. 202]), so does the matrix (6^^). We remark that to and a should be 
chosen for this Jl. 

Since the sequence {ipk} is equi-continuous on {x' E R"^^ : < 5} and i'kiO) = 0, 
by the Ascoli-Arzela theorem, we may assume that ipk converges uniformly to ipo on {x' : 
\x'\ < 5}. We also have that HV'j/'oIIoo < M snadipo^O) = 0. Let Vk{x' ,t) = Uk{x' ,ipk{x')+t) 
and Qr = {{x',t) : \x'\ < r and < t < cr}. Note that by Cacciopoli's inequality and 
(15. 7p . {vk} is uniformly bounded in W^''^{Q2). Thu, by passing to a subsequence, we may 
assume that Vk — ?■ vq weakly in W^'^{Q2). Since W^''^{Q2) is compactly embedded in 
L^"{Q2), we may assume that Vk — )■ fo strongly in LP"{Q2). In view of (15. 7p and (15.81) we 
obtain 

f I \vQ{x',t)\^^ dx'dt<l, 

(5.11) 

\vo{x',t)\P-dx'dt>tl- 

\x'\<l 

Now, let w{x',Xn) = VQ{x',Xn — ipoi^'))- Then w G W^''^{D2) and w = on A2, where 
Dr and A,, are defined as in (13.31) . but with ip replaced by ipQ. Let L = — div(AV), where 
A = (bff). It follows from the theory of homogenization that L{w) = in (see e.g. 
[T^ Lemma 2.1]). In view of Lemma [5.31 and (15.111) we obtain 

-to 

\w{x',ipo{x') +t)\P" dx'dt 



\x'\<l 



(5.12) 



< CoC+'" / / \w{x', M^') + ^)r" dx'dt 

Jo J\x'\<2 



< (l/2)c+^ 

which contradicts the second inequality in (15.111) . This completes the proof. □ 



Lemma 5.5. Let Eq > be given by Lemma 5.4 ■ There exist positive constants S and C , 
depending only on n, /i, r, A and M, such that for {e / Eq) < t < 1, 

[ [ \ue{x',ip{x') + s)\f'" dx'ds 
(5.13) ^^-^l^'K^ 

< [ [ \Ue{x', i^ix') + S) dx'ds, 

Jo J\x'\<3 

whenever Ue G W^''^{D-i), Ceiue) = in and Ue = on A3. 

Proof. Lemma [5.51 follows from Lemma [5.41 by a rescaling- iteration argument. We refer 
the reader to [201 PP.2294-2295] for details. □ 
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Finally we are in a position to give the proof of Theorem 15.11 

Proof of Theorem \5.1[ By rescaling we may assume that r = 1. Let Eq be given by Lemma 
15. 4[ If e > eo/4, estimate (14. 2 p follows directly from Theorem 13.21 Now we suppose that 
e < eo/4. Observe that v{x) = Ue{ex) is a weak solution of C-i{v) = 0. Thus by Hardy's 
inequality and Theorem 13.21 



(5.14) 



J \x'\<e/eo 

< c 



< 



dx'ds 



'0 J\x'\<e/eo 
(J rce/so 



\Vue{x' ,ip{x') + dx'ds 
\ue{x , iIj{x') + s) 1^" dx'ds. 



Jo J\x'\<2e/eo 

By covering Ai with surface balls of radius e/eo, we can deduce from (I5.14p that 

"^Z^" r Ue{x',ilj{x') + s) Pn 



J\x'\<l 



(5.15) 



< 



C 



< c 



dx'ds 



\Ue{x' , il){x') + s) " dx'ds 



^|a:'|<2 

\ue{x' , il){x') + s) dx'ds, 



3c 



J <3 



where we have used Lemma [5.51 for the last inequality . 
Next, we denote f{x',s) = s^^Us{x' ,ip{x') + s) and write 



\fix',s)\P" dx'ds 



(5.16) 



'OJ\x'\<l 

"s/eo 



+ 



^|x'|<l j^-^^ J2^-'^e/e<fJ \x'\<l J 2n e /eirJ \x'\<l 



\f{x',s)\P" dx'ds, 



where 2 ^ < e/so < 2 The first term in the right hand side of (I5.16P is handled by 
(15.150 . Now we apply (15.131) to estimate the second term. This gives 



JO 1-2^ e lea 

E 



\f{:i^ ,s)\^- dx'ds 



(5.17) 



j = l >/2J-ie/eo^|x'|<l 
io 

<c£(2^-i- 



1 E \ / ■ e \ Pn+^ 

-1 \ 12^—^ 



£^0 



£^0 



3c 




\ue{x',ilj{x') + s)|^" dx'ds 



^|x'|<3 



< c 




\ue{x',ip{x') + s)|P" dx'ds, 



'0 ^|x'|<3 

where in the last inequality we has used 2^-'''^^ < e/eq < 2^^°. 
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Finally, the last term in f l5.16p is controlled by 



(5.18) C \ue{x',ij{x') + s)\P"dx'ds. 

JoJ\x'\<l 

Therefore, we have shown that 

(5.19) /Y ^e«V^(xO + .) \u,{x)rdx. 
JoJ\x'\<l -S J D:i 

In view of Lemma 15.21 this implies that 

(5.20) / \Vu,\P"dx<C \u,\P-dx<c\ \Vue\^dx\ 

Jdi Jd3 Uds J 

where the last step follows from the Sobolev's inequality. This completes the proof of 
Theorem 15.11 □ 
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